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1. “Informal’”’ definition of limit

lim f(x) =L

XX
Let f : D = R be a function defined for all x in a neighborhood of x, except possibly at x = x,

WVe say that f tends to the limit L as x tends to x,, if f (x) takes values arbitrarily close to L
whenever x is sufficiently close to x, (from both sides), excluding the point x = x,.



Recall: notion of neighborhood
Let x, € Rand r > 0.

We consider
L(xg) ={xeR:|x—xyl <r}={xeR:x,—r<x<xy,+r}

the open neighborhood of center X, that is, the set of real numbers whose distance from X, is
less than r > 0.
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Recall: notion of neighborhood

Let A c Rand 4 # 0.

|.We say that x, € R is an interior point of 4 if: ot Xot €
_—ﬂ—*
dr > 0: [.(xy) C A X0

An interior point is a point for which there exists at least
one neighborhood entirely contained in the set



Recall: notion of neighborhood

Let A c Rand 4 # 0.

2.We say that x; € R is an accumulation

point of A if:
Vr>0 5 A—{xo}N1L(xy) # 0

That is, every neighborhood of x contains at least
one element of A different from x.

An accumulation point is a point whose
neighborhoods contain infinitely many points of
A distinct from the point itself.

f(x) = 1/x

punto di
accumulagione

%o
et

Xg-5 \xom X

Infinitl punti

Linsieme A @ rappresentato n blu, 0 ¢ un punto di accumulazions per A

An accumulation point does not have to belong to A. For

example:
A={aeR|a=1/nn €N}

this set admits as accumulation point x = 0: in fact,
whatever neighborhood B, (0) = (—¢, €) is selected, we can
find an n such that 1/n < «.

Moreover, 0 € A, since no 1/n type of fraction can be equal
to zero.



Recall: notion of neighborhood

Let A c Rand 4 # 0.

3. We say that x; € R is an isolated point of A if: o
Ir >0 - AnL.(xy) = {x,}
An isolated point of a set A is a point belonging to the set for which there

exists a neighborhood containing no other points of A.

4. We say that x, € R is adherent to A if x; is either an accumulation
point of A or an isolated point of A.

Q



2. Definition of limit using neighborhoods

A Lé’ J/
lim f(x) =L L :/h”f
> LeR [ :: >>~1

WVe say that the function f tends to the limit L as x — X if:

For every neighborhood I(L, €), with € > 0, there exists a neighborhood I(x, §) ,with § > 0,
such that for all x € (I(xy, ) — {x,}) N D it follows that f(x) € I(L, £)

VI(L,&),e >031(xy,6),6 >0:Vx € (I(xy,6) —{xo})ND = f(x) €I(L,¢)



3.“Rigorous’’ definition of limit

Jim flx) =L Lj/ _______ |
Assume: /— : S
> DcRandf:D > R ( Ko x
» X, accumulation point of D
> LER

WVe say that f tends to the limit L as x — x, if:

Ve>036>0:x€(xyg—8,xg+6) = f(x) e(L—¢,L+¢)

Ve>036>0: VXED,O<|x—x] <6, (x#xy) = |f(x) —L| <¢

The condition x # x is imposed because the value of f at x, must not influence the limit



Cases of limits

General case:

lim f(x) =Le VI, 3l,,: Vx€lLy,—{x,} = f(x) €,

XX

if and only if for every neighborhood of L there exists a neighborhood of x such that, for all x
belonging to the neighborhood of x; (possibly excluding x;), f (x) belongs to the neighborhood
of L.

The cases may involve:

L= +0o—>1, = (n +x)

{ER—HLz(L—e,L+s)
~o0 > I, = (=00, 1)

+00 - [} = (n, +0)

ER->I =(L—¢L+¢)
X0
—o0 = I} = (—o0,~n)



» Finite limit at a finite point:
Lixg€R lim f(x) =L

X=X

Let f(x) be a function defined in an interval
(a, b) excluding the point x,.

]
- .- -

9] . < Ofx. -0, X ¢+ 0 X
WVe say that f(x) tends to the limit L as x
tends to X0 If’ for SN/ arl?ltrary POSItIve For every € > 0 (by choosing €, we ... there exists § > 0 (that identifies a
number &, One can determine a select an arbitrary neighborhood of [ proper neighborhood of x, on the x-
neighborhood of x; such that for every x in on the y-axis)... B
that neighborhood: i
f(x) - Ll<e->L-e<f(x)<L+ce o 4
X
lim f(x) =LeVe>03L,,: Vx€lLy,—{x}=|f(x) — Ll <e — - i\ -
X=X )| x —« X, X x 4¢ X

such that for each x € (xy — §,Xy + 6) with x # x; we have:
fx)e(l—¢l+¢)



> Infinite limit at a finite point:

L=o,xg €R lim f(x) =00

X—>Xq

Let f(x) be a function defined on an interval

(a, b), excluding the point x.

WVe say that the function f(x) tends to infinity as
x approaches x, if, for every arbitrary positive
number M, it is always possible to determine a
(punctured) neighborhood of the point x; such
that, for every x in that neighborhood, the

following inequality holds:

If GOl > M

lim f(x) =cevVn>031,: VxEL,—{x;} = |f(x) =L >M

X—X0




» Finite limit at infinity:

LeER xy=0 lim f(x)=1L

X — 0O

Let f(x) be a function defined on an interval (a, b).
We say that f(x) tends to the limit L as x tends to
infinity if, for every arbitrary positive number ¢, it is
always possible to determine a number N > 0 such
that, for every x satisfying |x| > N, the following
condition holds:

f(x)—Ll<e->L—e<f(x)<L+e¢

lim f(x) =LeVe>03aN>0: Vx:|x|>N=|f(x)—L| <¢

X—C0

.r Jim f()=1.
y=¢ a\"
f{x}{:: ~ fun
/ v
Q_F | x,_\\x }(:
~ N 1)
y = f(x)




» Infinite limit at infinity:

Lixg =0 lim f(x) = o

X— 00

Let f(x) be a function defined on an interval
(a, b).

WVe say that f(x) tends to infinity as x tends ..

to infinity if, for every arbitrary positive
number M, it is always possible to determine
a number N > 0 such that, for every x
satisfying |x| > N, the following inequality
holds:

fCOl>M

M4
y .
AN //

lim f(x) =0 VM >03IN>0: Vx:|x| >N=|f(x)|>M




Theorem: Uniqueness of the limit

A function cannot have two distinct limits at the same point;
if:

lim f(x) =1 & lim f(x) =1'>1=1
X=X

x—>x0
Proof:

Assume [ # [".Then we can choose two disjoint
neighborhoods of [ and I, respectively:

11 = I(l, 81), Iz = I(l,, 82), 11 N 12 = @

f(x) with x € I(x, §): to which neighborhood would it
belong?

One arrives to a contradiction: analytically, there exists 6,
such that for x € Dy:

0<|x—x9]l <8y, f(x) €L




Theorem: Uniqueness of the limit

Similarly, there exists 6, such that for x € Dy:
0< |x_x0| <52,f(x) EIZ

Therefore, for x € Df:
0 < |x—x0l <min{d;,6,},f(x) €, & f(x) €,

But this is impossible,since I, N [, = @




Right-hand and left-hand limits (extended real line)

» Let x, = +00:we call open neighborhood of x; an open half-line (a, + ) and close neighborhood [a, +)
» Let x, = —oo:we call open neighborhood of x, an open half-line (—o0, a) and close neighborhood (—0, a|

» Let a C R, +o0 is an accumulation point of A if
An(a,+o) #@ Va>0

» Let a c R, +00 is an accumulation point of A if
AN(—co,a) #@ Va<o0

Unified definition of Limit

Let X0, L € R
Let f . Df — R.
Let x, accumulation point for Dr.

f(x) tends to L as x tends to x, =2 lim f(x) = L, if, for every neighborhood | of L there exists a neighborhood I of x,
X=X

such that:

vx € (I N D) — {x,} one has that: f(x) €]



° ° ° G
Right-hand limit
4
. o . fix)=log x
Let xo € Rand let f : Df - RR,assume that x, is an accumulation point of 2
the set Dr N (xg, +0). X —prufzx/’
-8 -6 -4 -2 ] 2 4 ] ]
If the limit of the restriction of f to Dy N (x,, +) exists as x = x; , then ToNEsisTE 2| EsisTE |
this value is called the right-hand limit of f at x,, denoted by:: ¥
lim f(x) B
x-xg

Quantifier formulation (for L € R):

1im+f(x)@‘v’e>035>0:‘v’xe(xo,x0+5)an > |f(x)—L|l<e

X=X

Xo<x<X9+96




Left-hand limit

Let xo € Rand let f : Df - R, assume that x, is an accumulation point of the
set Dr N (—0, Xp).

If the limit of the restriction of f to Dy N (—, x() exists as x = X, , then this
value is called the left-hand limit of f at x,, denoted by:

lim f(x)

X—Xg
Quantifier formulation (for L € R):

lim f(x) ©Ve>030>0:Vx € (xg,x0+8) NDr - [f(x)—L[<e

X—Xg

Xg— 0 < x <X

LIMITE SINISTRO




Limits of polynomial functions

From the limit laws, it follows that the limit as x = x, € R exists for every polynomial function:
p(x) =ay+ax+ -+ a,x™.
Using the definition of limit, it is easy to verify that:

lim ay = a,, lim a;x = a;x,, lim a,x™ = a,x,
X=X X=X X=X\

Therefore, in general:

lim p(x) = p(xy) = ag + a;xg + -+ a,x§
X—Xo



Limits of quotients of polynomials (rational functions)

P () 1.n>m - lim = +
lim I — 2n<m-lim=0
X—too Qm(x) 3.n=m - lim = an/bm

Examples.
. 1—x2+3x3 3
1. lim — s==--on=m
xXx—>—o0 2X —1+5x 5
: 5x3+2 _
2 lim — =07 »>n<m
x—>—oo 12x*—x+7
3
. x°—=7x+1 -3
3 lim = =400 H>n>m

xo1t x2-1 0



Theorem: Sign preservation

Let xo € R.If lim f(x) = L > 0, then there exists a neighborhood I of x such that:

X=X
f(x) >0vx €1 —{x0} N D

If a function f is defined and continuous in a neighborhood of xy and f (x,) > 0, then there exists 6 > 0 such that
f(x) > 0 for every x in the (xo — 6, x + &) neighborhood

ftx) Example. Let f(x) = i
1 In x, = 2 the funtion f(x,) = 0.5 - f(2) = 0.5

We consider a neighborhood of x, = 2 with § = 0.2:

0.55

& (xo—8,%0+6) =(2—022+0.2) = (1.8,2.2)

) In the neighborhood (1.8, 2.2) the function is always > 0:
L 55
05 f(18)——8—0.
1
f(22) ==—==045

2.2




Squeeze theorem (comparison theorem for limits)

h
let AS R,and f,g,h: A - R.Let x; € R be an accumulation )
point of A and suppose that in a neighborhood I of the point x,
we have: L |
fx) < glx) <h(x) Vxel—{x,} gi}i)/// . \
If lim f(x) = lim h(x) = L, then also g adits the limit as x — x, / f(x)
X—Xo X—Xg

and we have lim g(x) =L
XX

Let £ > 0,from lim f(x) = L it derives that 36; > 0: |f(x) — L| < e for 0 < |x — x| < &;

XX
Similarly, 36, > 0: |h(x) — L| < e for 0 < |x — xy| < 8,

Once selected § = min{8;,8,},for 0 < [x — xy| < 8,then:L —e <h(x) <L +e&L—e<f(x) <L+e¢
Hence, for 0 < [x — x| < min{g, r} =60 oL—e< f(x) < g(x) <h(x) <L+ ¢, from which:

lglx) =Ll <& - lim g(x) =L
X—Xq



Recall: monotone functions

A function f : Df - Ris called:

» Non-decreasing (monotone increasing) if
Vx,yEDf:x <y = f(x) < f(y)

» Non-increasing (monotone decreasing) if
Vx,yEDf:x <y = f(x) = f(y)

» Strictly increasing if

VX,yED;:x <y = f(x) < f(y)

» Strictly decreasing if

Vx,y EDfix <y = f(x) > f(¥)



Theorem: limits of monotone functions

Let f : Df — R be an increasing function and let x, € R be an accumulation point for D;.
Then, the one-sided limits exist and:

3 lim_f(x), 3 xlir?_ f(x)

X—Xg

xlir)rcl_ f(x) = sup{f(x):x € Df, x < x0}

lim, f(x) = inf{f(x):x € D¢, x > %0}

X—Xy

Analogous results hold for decreasing functions. M=f(b)

I'+sg

f(x) = x/2

2

I'=
I'-¢

m=f(a) 1

0 1 2

VWWWWANDREAMININIORG




Infinitesimals and infinities

Let f be a real-valued function defined on an interval I, possibly excluding a point x, € I:

» f is infinitesimal as x - x, or x = t o if

lim f(x)=0 or lim f(x)=0

X=X x—)iOO
» f isinfinite as x - x, or x - too if

lim f(x) =400 or lim f(x) =+

X—Xq X—>too



Indeterminate forms

Indeterminate forms arise from operations involving infinitesimals and infinities for which the limit cannot
be determined a priori:

00
oo—o (-00 — 00 1®° ooY
0

0
Non-indeterminate forms include:

k + oo

— O

I
+
8

I
I
8

0 + 00 = 00
k00 =00
0+ 00O = 0O

k
_=O
(0.0)

0
_:O
(0.0)

00)
0]
k
k
N —110'¢)
0



Indeterminate forms - algebraic methods

To resolve indeterminate forms, one may:

lim  polynomial = 4 co — Factor out the highest-degree power of x

Xx—+oo
. polynomial + oo .

lim = — Factor out the highest-degree power of x at both numerator

X—1©  polynomial + oo and denominator; Simplify numerator and denominator
polynomial 0 Factor polynomials and cancel common terms

lim = —
X—=Xo  polynomial 0



Indeterminate forms - algebraic methods

To resolve indeterminate forms, one may:

lim \/_ — VB =4+ 00— Recalling that: (\/Z —\/E)(\/Z +\/§) = A — B,
Xoreo Multiply and divide by the conjugate expression VA + VB

. (3 3 3~\2 . 3 3 21
x“?’ v_ _ 3\/§ — 4 00 — 00 Recalling that.(\/z — \/3§) lgﬂz + \/A_[j + (;/E) ] — A-B,
oo Multiply and divide by (YA)~ + YAB + (VB)



Indeterminate forms — algebraic methods

Faster alternative method to the first two cases:

Substitute +00 or —o for the highest-degree term and

xl_l;?fm polynomial = + 0o — oo neglect lower-order terms.
If the numerator has higher degree — limit is + 00, depending
. polynomial + o0 on the signs.
lim = ——
X—+0  polynomial + o

If degrees are equal — ratio of leading coefficients.

If denominator has higher degree — limit is zero.



Examples

lim polinomio = + o —

X—+o

lim 2x3 —x2+3=2(+0)3 = (+0)2 +3 =2 (+0) — (+0) + 3 = 400 — ©

X—+00

la forma indeterminata +c0 — oo si risolve raccogliendo la x di grado massimo del polinomio, cioé:

: 1 3 1 3
lim 2x3 —x?+3 = lim x5(2——+—)= (+m)3'(2—+m+{+m)3) =

X—+00 X—+00 x x3

= 40 (2-040) = +0-2 = 4

Soluzione alternativa piu rapida:

2-(40)3 = 2-(+») =+

lim 2x3-=x%24+3 = lim 2x°

X=+400 X=+c0

lim 2x3 - x2+3 = lim 2x3 = 2:(-»)% = 2:(~») = -
X—==00 X—==00



Examples

. polinomio + oo
lim — = —
x—+co polinomio + oo
I x+2  (+0)+2 + o0 _ to
xoie 2x2—5 2. (4®)2—5  2-(+0)—5 +o
+00
la forma indeterminata o si risolve raccogliendo la x di grado massimo al numeratore e al denominatore:
2 2 2
X 42 x-(1+= 1+ = 1+ 7% 1 1
lim ——— = lim (1+5) _ lim (1) _ (+<0) 0

x>+ 2x2 =5 x—tw o (2 ‘?52) X400 (2 -~ 5) ) (+0) - (2 - (+i)2) T (tw) 2 (4



polinomio  + o

lim = —
Examples x->+co polinomio  + o
. 4x5-3x+2 . =3x24+2x-5
numerator has lim = 400 lim = — o
) xX—+00 2x% + 4 X—+00 x—4
higher degree
” 4x5 — 3x + 2 I 2x* + 5x3 oo
= — 00 —
oo 2x2+ 4 ‘ot X3+ 2x2 — 1
” ?x3—3x+2_? lim 3xt —x +2 3
xiﬁ 2x3 + 4 2 x—+w 4x —2x2—-1 2

degrees are equal

7x3 -3x+2 7 _ 3x:—x+2 3
x"'-l-?ﬂ:'n 23 +4 2 x@-?m 4x—2x2—-1 2
. 5x3-3x+1 . X2+ 2x+1
denominator has Jlim 2t + 4 Jm 23 +4
higher degree
, 5x3 —3x+1 ) 2x + 1
lim =0 [im

x—>-w  2x*+4 x=—w0 —2x%+4x+3



Examples

. polinomio 0
lim : — = -
x-x, polinomio 0

T x*-1 1-1 0
ol x—1 1-1_0

. . 0 . . . . .
la forma indeterminata 5 Si risolve scomponendo numeratore e denominatore e poi semplificando:

oxt-1 C (x-1D(x+ 1 _
lim = lim =limx+1)=1+1=2
x=1 x—1 x—1 x—1 x—1




Examples

lim VA— VB =+ o0 — o

X—+00

lim (V3x+1-vx) = /3 (+%) —/(+®) = V¥® — ¥ = 400 — 0

x—+00

VEETI4VE) _ . (Bx+1)-x
i, (T —7) = i, (1) S =

2x+1 2-(+0)+1 +00
= lim

xto BXFL+VX 3 (1) + L+ (1)  +°

la forma indeterminata +_Z si risolve applicando la tecnica vista in precedenza, cioe:

2% + 1 | x-(2+ L +3) "_(2+(+1m)) +00

lim = lim =
—+ = CO —D+III' — 400
S Vi-|[3+2 +1‘ ' /3+I+1 13+ eyt gL

= 400




Limits of continuous functions

Let a real-valued function fdefined on an interval [ be continuous at x, € |

f is continuous at x, if:

lim f(x) = f(xo0)

XX

Hence, f is continuous in a point X internal to the definition interval if:
> 3f (%o)

» 3 finite limit of f(x) as x = x

» the limit coincides with the value f(xy) of f at x



Limits of continuous functions

1
f: x+ — iscontinuousin Df = R\ {0}
X
Y 4 : 1
1 f: x+>sin| =] iscontinuousin domf =R\ {0}
X
| !
I~
T | ' —F—
w —3——=mr—wx ||l = 0 3. o 1
57 '_J,.,H_% I..' | 2 2"




Limits of continuous functions

» If it holds only that:

lim £(x) = f(x)

then the function is said to be right-continuous at x

» If it holds only that :

lim_f(x) = f(xo)

X—X

then the function is said to be left-continuous at x

N/

Continuous function

b

Non-continuous function




Limits of continuous functions

All elementary functions introduced so far are continuous on their respective domains.
The sum, product, quotient, and composition of continuous functions are also continuous functions.

f(x) = x" r € R,
f(x) =a" acR"\ {1}
f(x) = log,(x) aeR"\ {1}



Limits of elementary functions

Power function with integer exponent

_______________

lim x" = +oo, AN /

X—+00

vn € N

n even
lim x™ = 4o

X——00

n even

limx™® =0
x—0

n>1
n odd

n odd
lim x™ = —o0

X——00

n odd

lIimx™® =0
x—0



Limits of elementary functions

th

n'" root function

lim 3/x = +oo,
X—+00

vn € N

n even

A lim %/x

X—>—00

n even
lim, Vx =07

x—-0t

n odd |




Limits of elementary functions

Power function with real exponent

lim x? = 4+
xX—+00

limx? =0
x—0

lim x? = +o
x—+00

limx? =0
x—0

Continuity at zero



Limits of elementary functions

Exponential function

L1 ¥ ¥
O0<a<l a>1
\\“‘-',._‘_E_‘H__‘_ _.__‘______,J.Jf”ﬂf
lim a* = lim a* = 40
X—+o00 X—+o00
lim a* = 4+ lim a* =0

X——00 X—>—00



Limits of elementary functions

Logarithmic function

’E 0<a<l
\ll
L\
“—
lim log, x = —o0

X—+ 00

lim logo =+

lim log, x
X—+ oo

lim log, x
x—0% Sa



Limits of elementary functions

Sine and cosine functions

A lim sinx

x>+ 00 : Although these limits do not exist, they represent bounded
- (finite) behavior, since both sine and cosine take values in the
- closed and bounded interval [—1,1]
A lim cosx
X—>+oo
lim sinx =0 limcosx =1
x—0 x—0
sin(x) cos(x)
/>< lim sinx = 1 lim cos x = 0
E - 3_“ 2“' - x—)E x—)i
2 2




Limits of elementary functions

Tangent function

A lim tanx
X—+o00

. . . limtanx =0
: : x—0

! lim+ tanx = —o
’ 4 . . X5

, 2
3/2n -t -2 0 1 (/27 - X,

! lirjrrl_ tanx = +oo

! X7



Horizontal asymptotes

Given a real-valued function f defined on an unbounded interval I, if the limit at infinity is finite, that is,:

lim f(x) =1

X—+oo

then, the line y = [ is called horizontal asymptote for the graph of f(x)

im/ ) =2
lim/®=2 Lo | " —
y=2
horizontal asymptote




Horizontal asymptotes

If

lim f(x) =1 Jm f(x) =L

X—+00

then the graph of f(x) admits two horizontal asymptotes:y = [; asXx - +oand y = [, as x > —

lim/(=-2 |

X——00

im/ ) =2 / /ﬁfffﬁwﬂ__

X=—>+00

v

e

right horizontal asymptote /
y=-2

left horizontal asymptote



Horizontal asymptotes

If the limit at infinity of a real-valued function defined on an unbounded interval is infinite, that is,

lim f(x) =+

X—+oo

then the function does not admit a horizontal asymptote.



Oblique asymptotes

Given a real-valued function f defined on an unbounded interval I, if

lim f(x) =+

X—+oo

then the function DOES NOT admit a horizontal asymptote.
It is possible to check whether the graph admits an oblique asymptote of equation y = mx + q.

The graph of f(x) admits an oblique asymptote if:

lim f(x) = tfoo

x—+oo . \

lim L2 — m # 0 finite
xX—>t+oo X

lim [f(x) —mx] = q finite

xX—+oo

2T PN PP Y PYTO NN P« e~ e o2 g



Oblique asymptotes

If:

lim f(x) = +oo
T m———o) then the graph of f(x) does not
dmit bli tot
lim £% — 1 = 0 or infinite admit an oblique asymptote

xX—>t+oo X

lir_El [f (x) — mx] = q infinite
x—+o00



Vertical asymptotes

Given a real-valued function f defined on an interval I missing at most the point X, , if the limit at the finite point x
is infinite, that is,

lim f(x) = Foo

xX—Xg

then the line x = x, is called a vertical asymptote of the graph of f(x)

: | -
lim /) =+ - | lim /) =—=
xo2* } x—0"

lim /() === - lim /) =+
x—>2 | j 0
1 \ iZ
|
x=2 } 1 S—
vertical asymptote I x=0
1] vertical asymptote



Example.
x%—4
x+1

Determine the possible asymptotes of the following function:: f(x) =

The first step in determining the presence of asymptotes is to determine the domain of the function:
x—1#0 =>x+ -1

Therefore, the domain is:

Since the function is not defined at a point, it makes sense to search for vertical and horizontal asymptotes:

=4 [
g2 i
; . )~ :pllm — -llm _llmx__ .
1 -4__ 3 _3__ vertical as. P ol Z i |
lm s el @ ) A left horiz. as.
. x“—4 |
1‘1_}1}3 x+1 _[;}
2 2 A right horiz. as.
=lim~—— - llm =lim>=+

x+1
X =00 X =0 p e



Example.
There is no horizontal asymptote — let us verify whether an oblique asymptote exists.

.S
ni‘:llm . =1 D
J(x) 1 x* -4 x* -4 {x} - left oblique
" lLII} hma x+1 l,Ll_,n;lr +x | q=1im[f(x}—m.r]=—1 =
= m= —llm_-_
. . [x*-4
qzllm[ﬂx}_mﬂzhm x+] _-T]= A= hmf(x} llm 4 =1
T U X—3ten ) X—>+an I +X
_1. — il 1: [—4_1']:_1 _A4_y
-r1—>1:13 T N q=lim[f(-’f)—mﬂ=lim[ x+1 ]:_1
y=x-1
right oblique

as.



Discontinuities

» if f is defined on an interval [a, b] excluding at most the point x
or
» if f is not continuous at a point x,

then x is called a singular point or a point of discontinuity.



First-kind discontinuities (jump discontinuities)

A function f has a first-kind discontinuity at x, if both the right-hand and left-hand limits exist and are finite, but are
different:

L, = 11m fx) # lim f(x) =1,

x-xg

Example. The following function has a first-kind discontinuity at x = O:

x| x+1,sex>0
f(x)—x+ {x—l,sex<0

P g G0 =1 !




Second-kind discontinuities Y,

A function f has a second-kind discontinuity at x, if at least one of the one-sided limits is
infinite or does not exist:

_

Example. The function has a second-kind discontinuity at x = 0:

Y

1
fx) = ~
400 = lim f(x) # lim f(x) = — — Y
x—0t x—0~ ".\
The presence of vertical asymptotes is \M
representative of second-kind discontinuities. R a .

—



Third-kind (removable) discontinuities

A function f has a removable discontinuity at x if the limit of f at x exists and is finite, but:

» f is not defined at x,,

> lim f(x) # f(xq)

X=X

Example. The function has a removable discontinuity at x = 0:

f(x) _ sin x

X

Indeed:
> f is not defined at x = 0 = Af(0)

sin x

> but there exists lim
x>0 X

=1



Punti di discontinuita

Continuity

L finit
e Removable

M discontinuity

Infinite point

Lt and L~
finite

S Infinite point
L does infinite P
not exists

Second-kind
discontinuity

jump




Remarkable limits

Limit
~ sinx
lim =1
x>0 X
I 1—cosx 1
im———==
x-0  x?2 2

1 X
lim <1+—> =e
X—+ 00 X

lim x-lnx =0

x—0*t
o er -1
lim =1
x—0 X
In(1+ x
lim 30
x—0 X
_arcsinx
lim =1
x—0 X
_arctanx
lim—=1
x—0 X

Indeterminate form

ol o o] ©

100

ololo|lo ol o|lo

Limit
tan x

lim =1
x>0 X

1 —cosx
lim———=0
x—0 X

1
lim(1+x)x=e
x—0

a* —1
lim =lna
x—0 X
log, (1 + x)
im0
1+x)k—1
lim ( ) =k
x—0 X

Indeterminate form

olo ol o

—_
8

olo olo olo
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