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Definitions: interior point and difference quotient

Let I be a nonempty interval.We say that x, € [ is an interior point of [ if 3r > 0 : (x, —
T, X9 +71)Cl.
Moreover, I € D¢ (the function is defined at every point of ).

Let f : [ > R and x, € I be an interior point of I. Given h € R, h # 0, we call the difference
quotient of f relative to x; and to the increment & the ratio:

f(xo +h) — f(xo)
h

f (x) decreases

negative difference .
quotient :> fcorgh from x to

f (x) increases

positive difference :> going from x to
quotient x+ h



Increment of the variable x

Be f(x) a function in an interval [a, b] and be x, a fixed interior
point of the interval [a, b].

We pass from the point x to another interior
point of the interval [a, b].

— IL
~ .
-

, \ we provide a certain
increment, called h, to the
_ |\ value x ,in a way that we
a: o— o’ still are within the
O o tothy interval [a, b]
NOTE: The passage from x, to x, + h along the x-
- if h > 0 we move on the right of x axis is called

- if h < 0 we move on the left of x, . .
increment of the variable x

and corresponds to the value
h=(xo +h) —x



Increment of the function f(.X') We calculate the value of the increment of the function f in

passing from x, to x, + h with xo < x; +h
- of ’ . . . ’ . .
i fives Aheush 7 ot peltis 2 e if f(xg) < f(xg + h), positive increment, f increases passing

, from xy to x; +h
g < 10 A ey (%) eine) f (@7 <= i0) - if f(xg) > f(xy + h), negative increment, f decreases
passing from x, to x, +h
- if f(xg) = f(x¢ + h), null increment, f is constant passing
from xy to x; +h

f
flx +r'_?;l' .jf (x,)9 - i -ﬁ\
T T \".
1 ‘“"“m.h_ f(x +_.l',-' ] i
The difference f(xq + h) — ) $ -H,H_IE_J/ ’ A
] i 1)
f(x,) between the values 5 —o 0 pe Py
assumed by the function in / I
. . -
passing from x, to xo + h is x)=fva+h) \H_ -
called
increment of the function f O o Yotk




Difference quotient

the ratio between the
increment of the

variable x passing from

Xy to X, + h and the

—_> - Ax=xy+h—x, increment of the
Sy Af = f(xg+h)— f(xp) function f is called

difference quotient of
the function relating to
the passage from x, to

the increment of the variable x is indicated by the symbol Ax
the increment of the function f is indicated by the symbol Af

i

Ax ] X0 + h
Af  f(x+h)—f(x)
Ax h

the difference quotient expresses the “variability of f” respect to a certain interval



Difference quotient

L J

From the graph it is evident that the difference
quotient for the passage from x, to xo + h is
negative.

Therefore, the function decreases from x, to x, +
h, but it does not necessarily decrease over the
entire interval [x,,x, + h].

XoFh

Hence, the difference quotient provides
information about monotonicity only for the

specific interval, not about the behavior around a

single point.



Difference quotient — pointwise information

f(X
f(x+h

Pointwise information about
monotonicity at x, requires
considering a very small interval
|x0 ,Xo + h], which is obtained
when the point xy, + h gets
«closer» to x; , that is to say as
h — 0.



Definition: derivative

Let f(x) be defined on [a, b] and let x; be an interior point.

The derivative of f(x) at x; is defined as the limit, if it exists and is finite, of the difference quotient of f(x)
passing from x to x + h,thatistosayash h — 0

af (xo) - f(xo + Ax) — f(x0) — lim f(xo +h) — f(x0)

dx =7 (XO) - Alalc—>0 Ax h—0 h

D (f(xo)) —

Derivative of the function f in x



Definition: derivative

D(F(x)) = LD _ 1) = Jim LT EIZICD) _ yp, T80 T 1) 2 J G0

The derivative of a function f(x) at an interior point X, is a real number, when it exists.

If the function f(x) is defined in an interval [a, b], at the endpoints of the interval only the right derivative
(at a) and the left derivative (at b) can be defined.

A function is differentiable on an interval [a, b] if it is differentiable at every interior
point of [a, b| and if admits a right derivative at a and a left derivative at b.



Differentiability and continuity

What is the link between differentiability and continuity of a function in x,?

Theorem.
If a function f(x) is differentiable in a point xy € (a, b),then f(x) is continuous in x,

Hence, the differentiability in a certain point implies the continuity in that point.
However, the converse is NOT always true: a function continuous in a point x can also be not differentiable in X

Example.

fOo+h)=f(x0) _ fQ+)~fQ)
f(x) = |x — 2] is defined and continuous in R, h - h N
hence alsoin X = 2 = ‘2+;I_2‘_‘2_2‘ = u passando al limite per h->0
Let us verify the differentiability: " T}i' ho..

lim", = lim; =lim!=
since the function admits in xy = 2 right and left derivatives . h‘ h— 0+ h— 0t h -0t
finite but different from each other, the function is not ﬂ I]mg =”i ‘fr| o —h
differentiable in this point (even if it is continuous in this point) PR \llm—,‘, — lll’ﬂ? =lim(— l) =—1
h -0~ h— 0~



Differentiability and continuity

If a function f (x) is differentiable in a point x, € (a, b), then f(x) is continuous in x,

from this theorem, it immediately follows that: in the points of discontinuity, a function does not admit derivative (it is

not differentiable)

therefore, if f(x) is not continuous in x, € (a, b), then f(x) is not differentiable in x,



Geometric meaning of the derivative

Remember:

Let r be a line non-parallel to the y-axis, described by the equation y = mx + g, with m being the angular coefficient
and g the constant term

The line r: y = mx + q forms the angle a with the x-axis, and the
P s point A has coordinates A = (0, q).
+qg [ .
(U ; The generic point P on the line r has coordinates P = (x, mx +
q)-
q A 0. B S Let s be the line passing through the point A and parallel to the y-
| axis.
RO : . : . : :
/ ' > Finally, let B be the point of intersection between the line s and the
O X perpendicular segment from P to the y-axis, having coordinates
B(x,q).

The angle PAB = «



Geometric meaning of the derivative

Remember:
Geometric meaning of the angular coefficient of a line

A=(0,q)
P(x,mx + q)
$ B(x,q)
7 PAB =«
P/ Let us consider the right-angle triangle in B:
mx—l—q ------------------
BP = AP sen BP AP sena sena
—_— = = =tanc
AB = AP cos « AB AP cos & CcoSs &
£ A -~ ‘ > = o5 tan o
. —— =tan
] B AB
ta ) X
/ O . BP = (mx + q) — q = mx BP _mx_m
AB = (x)-0=x AB X
= —=m



Geometric meaning of the derivative
Let f(x) be a function differentiable on an interval [a, b] and let x, be a fixed interior point of the interval [a, b].
We move from the point x, to another point x, + h inside the interval [a, b] so that the corresponding values of the

function f can be considered.

we indicate the two points
belonging to the graph of f
as:

P (xﬂa.f ‘(xo ))
Q(x{} "'haf(xn +h))

Let r be the line passing
through P and Q and forming
- . an angle o with the positive

b semi-axis of x values

o @
iy .l'l.?



Geometric meaning of the derivative

From a geometric point of view, as h = 0 the point P(x,, f(x,)) remains fixed, while the point Q(xy + h, f(xy, + h))
moves toward P along the graph of the function f.

At the same time, as point () approaches point P, the line passing through P and Q changes, in particular its slope
changes.




Geometric meaning of the derivative

These variations,as h — 0, cease when point ) coincides with point P.
At that moment, the line passing through P and Q approaches a limiting position, which is identified as the tangent line to
the graph of the function f at the point with abscissa x that is, at point P.

/ : y A
/ Ol ax, «— x,+h b y=/(x)
fix+Ax)
Ay
Sx)
X X+ AX




Geometric meaning of the derivative

(o=
ff’ff#
,fi’g / z
" ‘ o
Ol ax, «— x +h b

Let a be the angle formed by the tangent line with the positive x-axis, and let m; be its slope.

Then:

. f(x0+h)_f(x0)_ . BERT / _ —
}Ll_r)r(l) n —’lll_r)rcl)tana—}lll_r)r(l)mr & f'(xy) =tana = my




Geometric meaning of the derivative

Therefore, if a is the angle formed by the tangent line to the graph of f at the point with abscissa x, and m; is its slope,
then:

f'(xy) =tana = m;
That is:

The derivative f'(x,) of the function f in the point x, is equal to the angular coefficient
m; of the tangent line to the graph at the point P(xo, f (xo))



Conclusions.
The existence of the derivative of a function f at a point x, is related to:

> the existence of the line tangent to the graph of f in the point with abscissa x

> the fact that the slope of the tangent line must be finite, since f'(x,) = m;

In particular, since f'(x,) = tan @ = my, requiring the slope of the tangent line t to be finite is equivalent to
requiring:

T
a:'ti Ifa—>§=tana—>ioo

The tangent line to the graph of the function f at a point
with abscissa x, cannot be parallel to the y-axis if the
function is to be differentiable at x




If f is differentiable in a point x; , then in the point of
coordinates (xq , f(xg)) its graph admits a tangent line
non-parallel to the x-axis

A function differentiable on an interval is a function
whose graph admits a tangent line at every point




- DERIVATIVES OF ELEMENTARY FUNCTIONS
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Derivatives of elementary functions

If a function f is differentiable at every point of the interval (a, b), it is possible to define a new
function that associates to each x € (a, b) the value of the derivative f'(x).

x €(ab)—-f'(x) ER

This function is called the derivative function and is denoted by f'(x)



Derivative of a constant function

Let f(x) = k,with k € R.

What is its derivative Vx € R?

fx+h)—f(x) k—k O
h " h  h

P o=

) Dk =0,Vx €R



Geometric interpretation

Dk =0,Vx €eR

This result has a geometric interpretation: the graph of the constant function f(x) = ks
a line parallel to the x-axis

l

At every point, the tangent line coincides with the graph and has slope:

l

m, =0,Vx € R

(in fact, tan 0 = 0)



Derivative of a linear function

Let f(x) = x be the bisector line of | and Ill quadrants.
What is its derivative Vx € R!?

fx+h)—f(x) x+h—-x h
h - h " h

IR

) Dx=1Vx€ER




Geometric interpretation

Dx =1Vx €eR

This result has a geometric interpretation: the graph of the function f(x) = x is the
bisector line of | and lll quadrants

in every point, the tangent line coincides with the graph of the function
the angular coefficient of the tangent line is

m, =1,Vx € R

(in fact, tan% = 1)



Derivative of a power function

Let the function f(x) = x*,a € R, x > 0.

It can be shown that the derivative of this function, for all x > 0 (Vx € R*) and for all @ € R, is:
Dx% = ax®* 1 Vx> 0,Va e R

Example.
f(x) =x%inx, =2

f(x0+h)—f(x0)_(2+h)2—(2)2_4+4h+h2—4_h2+4h_h+4
(xo +h) —xy h B h - h

> limh+4=4
h—0

The function f(x) = x* is differentiable in x, = 2 and f'(2) = 4




Derivative of a power function

1

Let the function f(x) = +/x = x2.

Recalling the rule: Dx% = ax%~!

1

fO) =27 () =522 =2 a0

1
D\/_:ﬁ

|

|
=
N
|

,Vx € RT




Derivative of a power function

Let the function f(x) = i = x~ 1.

Recalling the rule: Dx% = ax%~!



Derivatives of elementary functions: differentiation rules

Da* = a*loga D sinx = cos x
De* = e* D cosx = —sinx
D1 !
0gg X = —-
aa loga



Derivatives of elementary functions

fx)

ag + a;x + azx* + -

log, x

log, x

+ a,x"

1
X

'
0
1
"1
1
2/x
a; + 2a,x + -+ na,x""
| 11
%a€ = " ha
1 | 1
x Be€ T3
] = a* !
Ogea_ IOga

1

f(x)
sin x
COS X

fan x

arcsin x
arccos x

arctan x

| x|

1f ()]

1+ x2
x x|
lxl ~ x
f'(x) con f(x) >0
—f'(x) con f(x) <0



Exercises. Compute the derivative of the following functions.

L f(x)=x' f1(x)=7x"" =7x°

2. f(x)=x?% fl(x)=-2x""=-2x7
3. f(0)=x" [fx)=m""

4. f(x)=4 S'(x)=0 :
5

1
f(x)=%/x_2 f'(x):%xi_lzgx_g

1 1 -1 1 - 1

6. =— f'(x)=—=x 2 =——x2=-
S (x) T f1(0)=-3 > =
7. fx)=x? [)=-2x7"=2x7

8. fm=3"  f'(x)=3"log,3
1 1 1
. fx)=logs|| - -logse =21

10. f(x)=e (x)=0




Second derivative — n-th derivative

At this point, it is natural to ask whether the derivative function f’(x) is itself differentiable at a
point or on the entire interval (a, b).

If this is the case, we call the derivative of f’ the second derivative, denoted by:
f'(x)
D*f (x)

Similarly, we define the third derivative /' (x), fourth derivative f!¥(x),and in general the nt"
derivative:

f*(x)
D™ f (x)



* RULES OF DIFFERENTIATION
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Differentiation rules (sum, product, quotient)

Let f : (a,b) > R, g : (a,b) = R be two functions differentiable on (a, b).Then the functions:
f+g f-g g,(withg¢0)

are differentiable in (a, b), and the following formulas hold:

> (frg)'=ftg

> (f-9)=f-g+f-9g->Uk-f) =k-f

> (L) =Lete L () - -2
g g g




Exercises. Compute the derivative of the following functions

f(x) =4x? + 4 fl0) = Vx +x?/3
2 (4x2) + L (1) = d a (.2
= (4x%) + == (4) = £ (B +=(x3)
'(x) =4-2x*"14+0=8x , 1 _ 2 _ 1 2
Fe o) =gxm 2 +a'l = ot

f(x) =—x"%+ 3x3

A -2y @ 2..3) _
dx( X )+dx(3x ) =

fl(x) =——=2x"2"1+3-3x372 = 2x73 + 9x2



Exercises. Compute the derivative of the following functions

f(x) =logx —e*
%(lnx) —%(ex)

f'(x) =§—ex

fx) =x-e*

x dx a . x
e dx+xdx(e )

ff(x) =1-e*+x-e* =e* + xe*

(f-9)'=f"-9+f-9

fx) =x*-(x+1)

& A B D
(x+1)dxx +x°—(x+1)

fl(x) =2x-(x+1) +x2-(1) = 2x% + 2x + x% = 3x% + 2x

) ==

da dx
dx(x—l)-x—dx(x—l)




Theorem: derivative of composite functions (Chain Rule)

Let the composite function f (g(x)) be defined by two functions f(x) and g(x).

If g is differentiable at x and f is differentiable at g(x), then the composite function f(g(x)) is
differentiable and the followinf formula holds:

(feg) =f"(g(x)-g'x)



(feg) =f"(9x) g'x

Esempi.
f)=@Bx+1)? > f'(x)=2-Bx+1)>1.3=603Bx+1)

fx)=(1+2x?)3 > f'(x) =3-(1+2x2)31.[2-2x%71] = 12x(1 + 2x?)?

2

FO) =G 3) = (x+3): > f') =2 A+ 4 =2 (4x+2) 2 = 2=

f(x) =logx? - f'(x) =x_12.2x =%



Differentiation rules for composite functions

f(x)
Lf ]

V()

L
f(x)
af )

ef ()

log, f (%)

log f (x)

f'@)
@ fO f()

- f'(x)

2¢/f(x)
1

f2(x)

a’®@ loga - f'(x)

- f'(x)

ef(x) c f’(x)
1 1




De ’Hopital’s Theorem

Let f and g be two functions differentiable on (a, b) such that: g(x),g'(x) + 0,Vx € (a, b),
except possibly at the point x, € (a, b).
If it holds that:

7. lim 22 is an indeterminate form of type - - and —
x—xqo 9(x)

2. lim Z22 = | with  finite or infinite
X=X g'(x)

Then:

f&) o ()

lim = lim

=1
X—Xg g(x) X—-Xo g (x)




De ’Hopital’s Theorem

Observation 1.
The De I'Hopital’s theorem still holds even if the interval (a, b) where f and g are differentiable is

not bounded and if x, = +oo

Observation 2.
The De I'Hopital’s theorem can be applied more than once consecutively if, after applying it the

co

. . : : 0
first time one finds another indeterminate form of the type S or—



De ’Hopital’s Theorem

Examples.

log(1+x°) oo

li

x—>r-|poo log(2 + x3) .

y x2+x—2_0_l_ 2x+1
ol x—1 0 x>1 1
I logx 0 I 1/x ]
xolx—1 0 xs1 1

S5x* ct g o
o 142x5 . X T X
_xl—1>IPoo 3x2 _xl—1>rJPool+x5 3x2

2+ x3

B 10x* + 5x”

~ 3x2 4 3x7

5
3



De ’Hopital’s Theorem

Examples.
lim [logx - log(x —1)] =0- o0 You cannot apply the theorem!
x—-1t
lim log(x —1) — f You can apply the theorem!
x—1t 1/ lng 0
log(x — 1) . i logZx 0
oglx —1) o x—1 . x—1 _ . —xlogx 0
o1t 1/logx o xlg%_ 1 1 xlg%_ 1 _xlg% x—1 0
logzx x xlog? x
2 1
—xlogzx_O_ —(log x+x-210gx-§)_0

lim =—= |lim 1



NON-DIFFERENTIABLE FUNCTIONS

* Corner points

Inflection points with vertical tangent

Cusps
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Function not differentiable at a point: corner point

f(x) = x|
This function is defined and continuous on all of R;in particular, it is defined and continuous at x, = 0.
Let us verify whether f(x) is also differentiable at x, = 0.

Compute the difference quotient with x, = 0:

flxo +h) — fxp) _ |h| — [O] _ | Al

h h h
lim L _ lim = lim 1=
[ @ _ hsot h hsoth oo
h—-0 h B . m __h — 1 — —_
AR T A T A=t



Function not differentiable at a point: corner point

The function f(x) = |x| admits in the point x, = 0 right and left derivatives both finite but
distinct:

f+(x0) = 1and fZ(x,) = —1

I

The function f(x) = |x| is not differentiable in the point x, = 0 (even if it is continuous in
that point) and the point x; is called corner point



Definition: corner point

Let f(x) be a function defined on an interval [a, b],and let x, be an interior point of [a, b].

If f admits at x; a finite right derivative and a finite left derivative, but these derivatives are different, then f is
not differentiable at x; ,and X, is called a corner point.

From the graphical point of view, at a corner point x, the graph admits two tangent lines (from the right and
from the left) that are not parallel to the y-axis.

S (x) =]

R L/f’ ' \ B




Definition: corner point

In general, any function that contains an absolute value in its analytic expression is not differentiable at the
points X where the argument of the absolute value vanishes.
Such points are corner points



Function not differentiable at a point: inflection with vertical tangent

fox)=Vx—-1

This function is defined and continuous on all of R;in particular, it is defined and continuous
at X = 1.

Let us verify differentiability at x, = 1.

Compute the difference quotient in the case x, = 1:

f(xo +h) — f(xp) _

V1+h-1-Y1-1 3n

h h h
li VR li h3 li h(l 1) = -5 ! = + /
I p— T — OO 15
hl—r}(l) h hl—r>r(1) h hl—I}(l) h—0 h—>0 Sy
Hence:
. flxo+h) = fxp) . fxg+h) = fxo)
im = lim
h—0t h h—0~ h




Function not differentiable at a point: inflection with vertical tangent

The function f(x) = V/x — 1 admits in the point X, = 1 a right and a left derivative that are
equal but not finite:

fi(xg) = +0 and f/(xy) = +oo

i

The function f(x) = V/x — 1 is not differentiable in the point x, = 1 (even if it is continuous
there), and the point x; is called inflection with a vertical tangent



Definition: inflection with vertical tangent

Let f(x) be a function defined on an interval [a, b] ,and let x, be an interior point.
If f admits at x, equal right and left limits of the difference quotient, but both are infinite (i.e., both +0o0 or
both —), then f is not differentiable at x; ,and x is called an inflection point with vertical tangent.

Graphically, at such a point (inflection point with a vertical tangent) the graph admits a tangent line parallel to
the y-axis.

1imf(x[]+h;_f(xﬂ)=+m liInf(IU-l-h;—f{Iﬂ):_oo

h—07 h—0*



Function not differentiable at a point: cusp

fo0) = Yxl

This function is defined and continuous on all of R;in particular, it is
defined and continuous at x, = 0.

Let us verify if the function is also differentiable at x, = 0.

Compute the difference quotient (with x, = 0):

flo +h) = fxo) _YI =0 _Ihl

h h h
lim ﬂ— lim = lim 1 = 400
?{/m hsot h h50* 2 h-oot X x 2
li =
A0 h . V—h . L 1
oo~ R oo 2 RN T3 X2 %




Function not differentiable at a point: cusp

Hence:

’ fCeo+h) — fxo)  f(xo+h) —f(xo)
1m = 400 lim =

h—0*t h h—0~ h

Thus the right and left limits are different and not finite.
f+(xp) = +ooand fL(xy) = —

i

The function f(x) = 1/|x| is not differentiable in the point x, = 0 (even if it is continuous
there), and the point x is called cusp



Definition: cusp

Let f(x) be defined on [a, b] and let x be an interior point.
If £ admits at x right and left limits of the difference quotient that are different and infinite (one equal to
+ o0 and the other equal to —oo, or vice versa), then f is not differentiable at x, ,and x; is called a cusp.

Graphically, at a cusp the graph admits a tangent line parallel to the y-axis.

S (x)=f(x,) .

X =X

S(x) = f(x,)

=40

lIim

X=Xy

lim

XX,



Type of point

Corner point

Inflection with a
vertical tangent

Cusp

Definition Graph

If f admits in x right and left derivative, both finite
but distinct

If £ admits in X right and left limits of the
difference quotient that are equal but infinite (that L tof
is both equal to +00 or —o0)

If £ admits in X right and left limits of the
difference quotient that are different and infinite _
(that is one equal to +c0 and one to — or vice o ofp

versa)




« CHARACTERIZATION OF MONOTONE FUNCTIONS
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Monotone Functions: Increasing

Let
f:A-B, with 4, B € R, AB#0

f is strictly increasing in A if:
VX, €A x; < x5 2 fq) < f(x)
f is increasing in A if:

VX, X, €A x S X = fxg) < f(xp)

X, <X, = f(x) < f(x,)



Monotone Functions: Decreasing

Let
f:A-B, with 4, B € R, AB#0

B — X, ) > X
f is strictly decreasing in A if: u yp » = 01 GR) = 6

VX, %, € Aty <xp = fxg) > f(x)

f is decreasing in A if:

Vx,x, EA:xy < xy = f(x1) = f(xy) o| X X, x




Definition (increasing/decreasing)

We now examine how the sign of the first derivative characterizes monotonicity.
Let f : [a, b] - R be differentiable at interior points, and let x,, x; € (a, b).

We already know:

> fincreasingif:x; > xy = f(xy) = f(x)

Xo+h>xy= f(xg+h) = f(xg)

> f decreasingif:x; > x, = f(x;) < f(x)
xXo +h>xy= flxg+h) < f(x)



Hence:

f(x0+h)_f(x0) > 0

» [ increasing &
x0+h—x0

fxo+h)—f (xo)

<0
x0+h—x0

l ‘ Passing to the limit as x — x,

> fincreasing © f'(x,) = 0,Vx, € (a,b)

» [ decreasing &

> f decreasing © f'(x,) < 0,Vx, € (a,b)



Hence:

Monotonicity criterion

Let f : [a, b] —» R be a function continuous on [a, b] and differentiable on (a, b).
Then:

» f increasingon [a,b] © f'(x) = 0,Vx € (a,b)

» f decreasingon [a,b] © f'(x) < 0,Vx € (a,b)

From the monotonicity criterion, it is possible to study relative and absolute maxima and minima of a
function.



Let f : [a, b] — R be defined on [a, b] and differentiable on (a, b).
To find relative and absolute extrema (if they exist), one may proceed as follows:
|. Compute f(a) and f(b)

2. Determine the derivative f'(x) and solve f'(x) = 0.The solutions are stationary points; among them may lie
local extrema within (a, b).
3. If:
a. f'(x) = 0 has no solutions, then f(a) and f(b) (if distinct) are absolute extrema.
b. f'(x) = 0 has solutions and, for instance, x = X, is stationary, then to decide whether x, is a local
extremum one studies the sign of f'(x) in a neighborhood of x, and applies the monotonicity criterion.



More precisely, if f'(xy) = 0, one can verify that:

——+— »  Xo point of local maximum

I - . Xo point of local minimum

= * X, point of inflection

4. Having found possible local extrema, compute f at those points

T -

X point of inflection

and compare with f(a) and f(b).



As a consequence of the monotonicity criterion:

Characterization of constant functions on an interval

Let f be a function differentiable on [a, b] and suppose that f'(x) = 0,Vx € (a, b)

|

then, f is constant on [a, b]|



« CONCAVITY AND CONVEXITY

Universita degli Studi di Teramo




Convex and concave functions

A function f(x) is said to be convex on [a, b] if Vx, € A function f(x) is said to be concave on |[q, b] if
[a, b] ,the graph of f(x) lies above the tangent line to Vx, € [a, b] ,the graph of f(x) lies below the tangent
the graph at the point (x, f(xo)). line to the graph at the point (xo, f(x,)).
y 4 convexity y 4 concavity
fix) tg
f{x)
tg
— i > — i >
lu-fr Xu Kn"‘ﬁ .lu-fr Xu Kn"’ﬁ
e — |

neighborhood of x, neighborhood of x,



Geometric meaning of convexity

As x, increases in [a, b] from smaller to larger values, the slope of the tangent line to the graph of f at
(xo, f (xo)) changes; in particular, the slope increases, passing from smaller values (possibly negative) to
larger values.

xX;<x,=>f"(x,)<f’(x,) =>f’(x) increasing
f convex in [a,b] & f increasing in [a,b]<:> (f) >01n [a,b]@f" > 01n [a,b]



Geometric meaning of concavity

As x, increases in [a, b] from smaller to larger values, the slope of the tangent line to the graph of f at
(xo, f (xo)) changes; in particular, the slope decreases, passing from larger values to smaller ones (possibly
negative) .

a Xo Xp Xp O X0 b



Convexity criterion

Let f : [a, b] = R be continuous on [a, b] and twice differentiable on (a, b).

Then:
» f convexon |a,b] © f'increasingon [a,b] & f" = 0on|a,b]

> f concave on [a, b] © f' decreasing on [a,b] © "' < 0on [a,b]

If the first derivative of a function is increasing on [a, b], the function f(x) is convex
If the first derivative of a function is decreasing on [a, b], the function f (x) is concave

If the first derivative represents the slope of the graph of the
function, the second derivative represents the variation of that slope.
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