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NUMERIC RECORD DATA

• If data objects have the same fixed set of numeric attributes, then the data 

objects can be thought of as points in a multi-dimensional space, where each 

dimension represents a distinct attribute 

• Such data set can be represented by an n-by-d data matrix, where there are n

rows, one for each object, and d columns, one for each attribute
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CATEGORICAL DATA

• Data that consists of a collection of records, each of which consists of a fixed 

set of categorical attributes 

Tid Refund Marital 
Status 

Taxable 
Income Cheat 

1 Yes Single High No 

2 No Married Medium No 

3 No Single Low No 

4 Yes Married High No 

5 No Divorced Medium Yes 

6 No Married Low No 

7 Yes Divorced High No 

8 No Single Medium Yes 

9 No Married Medium No 

10 No Single Medium Yes 
10 

 



GOOD AND BAD VISUALIZATION



STATISTICAL SURVEY

ON THE ENTIRE 

POPULATION

DESCRIPTIVE STATISTICS

(draw indications on the 

entire population)

ON A SAMPLE OF THE 

STATISTICAL POPULATION

INDUCTIVE STATISTICS

(draw indications from the 

sample, which are true for the 

entire population)



Population, statistical unit, statistical sample

➢ Statistical population: set of elements to which the statistical investigation refers: 

➢ opinions of Americans regarding a new presidential election: all USA citizens

➢ genes overexpressed in individuals affected by obesity: all individuals with obesity

➢ … 

➢ Statistical unit: each element of the statistical population, the smallest unit from which data are 

collected:

➢ A citizen, an individual with obesity…. 

➢ Statistical sample (sample): any set of statistical units drawn from the entire population. A sample 

is therefore a subset of measurements selected from the population

➢ 50 individuals with obesity-related conditions (randomly selected).



Random variable

➢ The collective phenomenon manifests according to different modalities across the various statistical units; 

therefore, we shall refer to it as a random variable. 

➢ The value assumed by the random variable in a given statistical unit shall be referred to as an 

observation.

Example: 

➢ random variable: expression level of gene AAA

➢ observation: person X's gene AAA has an expression level equal to 12.3, personY's gene AAA has

an expression level of 10.2, person Z's gene AAA…. 



Quantitative or qualitative variable

➢ Quantitative variable: when it takes numerical values: 

➢ Continuous: it assumes continuous values within an interval (a person’s weight and height, intensity

levels of samples on microarray, level of gene expression, etc.) 

➢ Discrete: it assumes discrete values such as number of samples, number of over-expressed genes, 

number of patients, etc. 

➢ Qualitative variable: when it takes non-numerical values

➢ Ordinal: the data are ordered (good–average–poor, cold–lukewarm–hot…) 

➢ Categorical: male/female, phenotype, groups of diseased/healthy patients, etc.



The data table

➢ The coded data from a statistical survey conducted on 𝒏 statistical units with reference to 𝒑
variables, are collected in a table that is referred to as the “data matrix”

N. sex Academic qualification age weight N. hospitalizations

1 M Lower secondary school 36 65 3

2 F Degree 45 70 1

… … … … … …

N F High school 60 55 6



Data analysis

➢ When the dataset is large, direct analysis of the matrix does not allow the salient aspects of the 

phenomenon to be grasped immediately. It is therefore necessary to obtain a synthesis through a 

statistical processing of the data

STATISTICAL INDECES

to synthesize a certain characteristics

to compare different situations

STATISTICAL INDECES

CENTRAL TENDENCY

• mean

• median

• mode

• quantiles

• percentiles

DISPERSION

• range of variation

• average absolute deviation

• variance

• standard deviation

• coefficient of variation

SHAPE

• coefficient of asymmetry

• coefficient of kurtosis



Absolute and percentage frequencies

➢ When the sample for which we intend to describe the statistical variables is very large, rather than 

considering all values, one may report only distinct values and indicate, for each value, how many times it 

occurs.

➢ Let 𝑌 = 𝑦1, 𝑦2, … , 𝑦𝑁 be a discrete statistical variable. We define as modalities the distinct values 

among 𝑦1, … , 𝑦𝑁 and as absolute frequency of a modality the number of times it is observed in the 

expression of the statistical variable.

Y=(60, 80, 92, 100, 83, 96, 74, 63, 80, 100, 90, 75, 74, 92)

Modality 60 80 92 100 83 96 74 63 90

Absolute 

frequency

1 2 2 2 1 1 2 1 1



Absolute and percentage frequencies

Let 𝑌 be a statistical variable, and 𝑓 the absolute frequency of modality 𝑧. We define the relative frequency

of modality 𝑧 as the ratio 𝑓/𝑁, where 𝑁 is the number of elements in the sample. The percentage

frequency is obtained by multiplying the relative frequency by 100.



Maps showing the frequency distribution of 
individual genetic variants



Mean

➢ Mean of a population: sum of all values of the population variables divided by the number of units in 

the population (𝑁)

𝜇 =
σ𝑖=1
𝑁 𝑋𝑖
𝑁

Where 𝑁 is the number of elements in the population, 𝑋𝑖 is the 𝑖-th observation of the variable 𝑋𝑖

➢ Mean of a sample: sum of all values of the variables in a subset of the population divided by the number

of units in that sample (𝑛)

ത𝑋 =
σ𝑖=1
𝑛 𝑋𝑖
𝑛

Where 𝑛 is the number of elements in the sample, 𝑋𝑖 is the 𝑖-th observation of the variable 𝑋𝑖



Given the following set of measurements of gene expression levels:

The mean of any sample ത𝑋 may differ substantially from that of the entire population 𝜇. The larger the sample, the 

closer the sample mean will be to the population mean

mean of the population:

mean of the 

sample:



Mean

➢ Weighted mean of a population: a weight is assigned to each variable; all variable values are summed, 

each multiplied by its weight, and the resulting total is divided by the sum of the weights

𝜇 =
σ𝑖=1
𝑁 𝑝𝑖𝑋𝑖
σ𝑖=1
𝑁 𝑝𝑖

• The expected value of a variable 𝑋, denoted by 𝐸[𝑋] , is defined as the mean of 𝑋 computed over a large 

number of experiments



Exam Grade Credits (cfu)

Physics

Chemistry

Mathematics

Biology

… 

weighted mean =
(grade x cfu) + (grade x cfu) + (grade x cfu) + (grade x cfu)

(cfu + cfu + cfu + cfu)

weighted mean =
(21 x 7)+(25 x 10)+(26 x 6)+(24 x 5)

(7+10+6+5)
= 24.04



Mode

➢ The mode is the most frequent value of a distribution, or more precisely, the most recurrent category of 

the variable (i.e., the one associated with the highest frequency).

➢ The mode of this sample is 1005, as it occurs 3 times.

Characteristics of the mode: 

➢ it is used solely for descriptive purposes, because it is less stable and less objective than other measures

of central tendency

➢ to identify the mode of a distribution, graphical methods can be used, such as histograms

➢ it may differ within the same data series when distribution classes (intervals) of different widths are 

formed

➢ to identify the mode within a frequency class, without knowing how the data are distributed, the 

assumption of a uniform distribution is adopted.





Histograms

➢ A histogram describes the relative frequency of data within an interval (𝑎, 𝑏) and is used to visualize the 

data distribution.



Unimodal/Bimodal Distributions

➢ A distribution may exhibit multiple modes: 

➢ Unimodal distributions: frequency distributions that have a single mode, that is, a single point of 

maximum (representing both the relative and the absolute maximum)

➢ Bimodal or k-modal distributions: frequency distributions that exhibit two or more modes, that

is, two (or k) relative maxima

➢ Example: by measuring the heights of a group of adolescents in which the larger part is female

and the smaller part male, one obtains a bimodal distribution, with a primary and a secondary

mode.

Zero-modal Distribution

➢ No value has a higher frequency than the others:

𝐴 = {1, 1, 1, 2, 2, 2, 3, 3, 3, 4, 4, 4, 5, 5, 5, 6, 6, 6}



Unimodal distribution Bimodal distribution



Median

➢ The median is the value that occupies the central position in an ordered set of data. 

➢ It is a robust measure, as it is minimally influenced by the presence of outliers. 

➢ Characteristics: 

➢ it is used when one seeks to mitigate the effect of extreme values; 

➢ in a distribution or data series, each value drawn at random has the same probability of being below

or above the median. 



Calculation of the Median

To calculate the median of a dataset, one must: 

1. arrange the values in ascending or descending order and count the total number 𝑛 of data; 

2. if the number (𝑛) of data is odd, the median corresponds to the numerical value of the central datum, 

i.e., the one occupying position (𝑛 + 1)/2; 

3. if the number (𝑛) of data is even, the median is estimated by using the two central values occupying

positions 𝑛/2 and 𝑛/2 + 1: 

a. with a small number of observations, the median is taken to be the arithmetic mean of these two

intermediate observations; 

b. with a large number of observations grouped into classes, one sometimes resorts to proportions. 



Example.

Consider the following sample:

Order the samples in ascending order:

1. Since the number of samples is even (𝑛 = 10), the median is computed as the mean of the two central

elements:

𝑚𝑒𝑑𝑖𝑎𝑛 = 84 + 862 = 85



Quantiles

➢ The quantiles are a family of measures, to which the median also belongs, that are distinguished according to the 

number of equal parts into which they divide a distribution. 

➢ The quartiles partition the distribution into 4 parts of equal frequency, where each part contains the same fraction

of observations: 

➢ The first quartile is defined as the number 𝑞1 such that 25% of the statistical data are less than or equal to 

𝑞1. 

➢ The second quartile is defined as the number 𝑞2 such that 50% of the statistical data are less than or equal

to 𝑞2. The second quartile corresponds to the median. 

➢ The third quartile is defined as a number 𝑞3 such that 75% of the statistical data are less than or equal to 𝑞3.



Example.

Let us consider a study that examines restaurant waiting times in a sample of 10 customers:

The median is equal to 62.75

One considers the lower half of the data, i.e., all values below the median, and on this subset of data the 

median is computed; the value obtained is Q1 

One considers the upper half of the data, i.e., all values above the median, and on this subset of data the 

median is computed; the value obtained is Q3



Deciles and percentiles

➢ Analogously, the following are defined:

➢ Deciles: 9 points that divide the ordered distribution into 10 equal parts

➢ Percentiles: 99 points that divide the ordered distribution into 100 equal parts



Range of variation

➢ The range of a distribution is the difference between the largest and the smallest value in the 

distribution: 

𝐶 = 𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛

This index is relatively coarse, as it provides no information regarding the variability of intermediate values. 

➢ Example: the range of the following distribution: 

25 – 26 – 28 – 29 – 30 – 32 → 𝐶 = 32 – 25 = 7



Deviation

➢ The deviation measures how far each datum 𝑥𝑖 departs from the mean value, hence:

𝑠 = 𝑥𝑖 − ത𝑋

➢ Example: Let us consider the following intensities recorded from the microarray spots: 

435.02, 678.14, 235.35, 956.12,… , 1127.82, 456.43
➢ The mean of these values is: 515.13; their deviations are: 

956.12 – 515.13 = 440.99235.35 – 515.13 = −279.78 678.14 − 515.13
= 163.01 435.02 − 515.13 = −80.11



Absolute deviation

Using 𝒔, several other indices of variability can be derived:

➢ The mean absolute deviation is denoted by 𝒔𝒎 and is the arithmetic mean of the absolute values of 

the deviations

𝑠𝑚 =
σ𝑖=1
𝑛 𝑥𝑖 − ത𝑋

𝑛



Variance 

➢ Variance of the population: optimal measure to characterize the variability of a population. An 

indicator of the dispersion of a variable or statistical distribution that one obtains by calculating the 

average of the squares of the deviations from the arithmetic mean (μ).

𝜎2 =
σ𝑖=1
𝑁 𝑋𝑖 − 𝜇 2

𝑁
where 𝑁 is the number of observations of the entire population; 𝜇 is the mean of the population; 𝑥𝑖 is the 𝑖-
th observation

➢ Variance of a sample:

𝑠2 =
σ𝑖=1
𝑛 𝑋𝑖 − ത𝑋 2

𝑛 − 1
where 𝑛 is the number of observations of the sample; ത𝑋 is the mean of the sample; 𝑥𝑖 is the 𝑖-th observation

When 𝑛 is high enough, the difference between the two formulas are tiny. 



Example.

Let us consider the following sample of observations:

{2,3,6,9,15}
Computation of the mean:

ത𝑋 =
σ𝑖=1
𝑛 𝑋𝑖
𝑛

=
2 + 3 + 6 + 9 + 15

5
= 7

Computation of the sample variance:

𝑠2 =
σ𝑖=1
𝑛 𝑋𝑖 − ത𝑋 2

𝑛 − 1
=

2 − 7 2 + 3 − 7 2 + 6 − 7 2 + 9 − 7 2 + 15 − 7 2

4
= 27.5



Deviance

In the calculation of some statistics, one uses the deviance, obtained by the numerator of the variance. It is a 

measure of dispersion. It is obtained by calculating the sum of the squares of the deviations of the data in a 

distribution from the mean.

𝐷𝑒𝑣 =෍

𝑖=1

𝑁

𝑋𝑖 − ത𝑋 2

Variance is the mean of the deviance; that is , it indicates how much 

the values of the distribution vary with respect to the mean



Standard deviation, or root mean square deviation

➢ Variance has the disadvantage of being a quadratic quantity and therefore is not directly comparable with 

the mean or with the other values of the distribution. 

➢ To obtain a measure expressed in the same unit of measurement as the original variable, it suffices to 

extract the square root of the variance.

➢ The standard deviation is a measure of distance from the mean and therefore always has a positive

value. 

➢ It is a measure of the dispersion of the random variable around the mean.



Standard deviation, or root mean square deviation

➢ Population standard deviation:

𝜎 =
σ𝑖=1
𝑁 𝑋𝑖 − 𝜇 2

𝑁

where 𝑁 is the number of observations in the entire population; 𝜇 is the population mean; X𝑖 is the 𝑖-th
observation.

Sample standard deviation:

𝑠 =
σ𝑖=1
𝑛 𝑋𝑖 − ത𝑋 2

𝑛 − 1

where 𝑛 is the number of observations in the sample; 𝑋 is the sample mean; x𝑖 is the 𝑖-th observation.



mean



Variance Standard deviation



Example.

Let us consider the grades of two students:

- Anna: 30, 30, 28, 27, 26
- Stefano: 21, 30, 30, 30, 30

Both have the same mean of the grades (28.2)

Let us compute the standard deviation:

- 𝜎𝐴𝑛𝑛𝑎 = 1.78
- 𝜎𝑆𝑡𝑒𝑓𝑎𝑛𝑜 = 4.02

What does this mean? Anna's grades are more concentrated (closer) than those of Stefano



Covariance

➢ Index that makes it possible to verify whether between two statistical variables there exists a linear 

relationship.

➢ Considering two series {𝑥𝑖} and {𝑦𝑖}, 𝑖 = 1,2, … , 𝑛, it compares the pairs of deviations (𝑥𝑖 − ҧ𝑥) and 

(𝑦𝑖 − ത𝑦):

𝐶𝑜𝑣 𝑋, 𝑌 =෍

𝑖=1

𝑛

(𝑥𝑖 − ҧ𝑥)(𝑦𝑖 − ത𝑦)



Covariance can be: 

➢ POSITIVE: when 𝑋 and 𝑌 tend to vary in the same direction; that is, as 𝑋 increases, 𝑌 also tends to 

increase; and as 𝑋 decreases, 𝑌 also tends to decrease.

➢ NEGATIVE: when the two variables tend to vary in opposite directions; that is, when as one variable

increases, the other variable tends to decrease (and vice versa)

➢ ZERO: when there is no tendency for the two variables to vary in the same direction or in opposite 

directions. When 𝐶𝑜𝑣(𝑋, 𝑌) = 0 it is also said that 𝑋 and 𝑌 are uncorrelated or linearly independent. 



Correlation

➢ It is a more rigorous approach that allows the study the degree of intensity of the linear relationship 

between pairs of variables

𝑟𝑥𝑦 =
𝐶𝑜𝑣(𝑋, 𝑌)

(𝑉𝑎𝑟𝑋)(𝑉𝑎𝑟𝑌)

Pearson correlation coefficient

The correlation coefficient allows us to: 

- summarize the strength of the linear relationship between the variables

- assess the apparent association between the variables

The correlation coefficient: 

- ranges from –1 to 1 (if equal to 1 or −1: perfectly correlated) 

- is positive when the values of the variables increase together

- is negative when the values of one variable increase as the values of the other decrease

- is not influenced by the units of measurement







CORRELATION IS NOT CAUSATION



Continuous probability distributions

➢ A continuous probability density function is a model that analytically defines how the values assumed by a 

continuous random variable are distributed

➢ When one has a mathematical expression suitable for representing a continuous phenomenon, we are 

able to calculate the probability that the random variable takes values lying within intervals

➢ The figure graphically depicts three probability density functions: normal, uniform, and exponential





Normal distribution

➢ The normal distribution (or Gaussian distribution) is the most widely used continuous distribution in 

statistics.

➢ The normal distribution is important in statistics for three fundamental reasons: 

1. Several continuous phenomena appear to follow, at least approximately, a normal distribution. 

2. The normal distribution can be used to approximate numerous discrete probability distributions. 





Normal distribution

The normal distribution has several important characteristics:

➢ The normal distribution has a bell-shaped and symmetric form

➢ Its measures of central tendency (expected value, median) coincide

➢ Its interquartile range equals 1.33 times the standard deviation; that is, it covers an interval between

µ – 2/3 𝜎 and µ + 2/3 𝜎

➢ The normally distributed random variable takes values between −∞ and +∞



Normal distribution

We will use the symbol 𝑓(𝑋) to denote the mathematical expression of a probability density function. In the 

case of the normal distribution, the normal probability density function is given by the following expression:

Normal probability density function

𝑓 𝑋 =
1

2𝜋𝜎
𝑒
−

1
2

𝑋−𝜇
𝜎

2

Where 𝜇 is the expected value of the population; 𝜎 is the standard deviation of the population; 𝑋 represents

the values assumed by the random variable, −∞ < 𝑋 < +∞

We note that, since 𝑒 e 𝜋 are mathematical constants, the 

probabilities of a normal distribution depend solely on the 

values assumed by the two parameters µ and 𝜎. By specifying

particular combinations of µ and 𝜎, we obtain different normal

probability distributions.



Exercise.

Mean: sum of the data divided by 10 → 41.7 cm

Median: if the number (n) of data is even, the median is estimated using the two central values that

occupy positions n/2 and n/2+1→ mean of the fifth and sixth value → 41.5 cm

Variance: 𝜎2 =
σ𝑖=1
𝑁 𝑋𝑖−𝜇

2

𝑁
→ 5.01

The following are the heights of ten dogs participating to a show:

Y = (40,42,38,41,40,45,46,42,42,41)

Compute median, mean, and variance.

To comupte the median, data must be ordered: 

38, 40, 40, 41, 41, 42, 42, 42, 45, 46



Comparing two means: the Student t test

is the difference between the means of the two samples significant?

Can you state that the observed difference is not due to chance but that, instead, there is genuinely a 

difference between the means of the two populations? 

collect quantitative data

mean of group 1

mean of group 2

comparison of 

the means

is the difference

SIGNIFICATIVE, 

or is it due to 

chance?

comparison of the 

means

ZERO HYPOTHESIS: the 

difference is due to 

chance!

accept or refuse the 

zero hypothesis?
Student’s t-test



Comparing two means: the Student t test

Conditions:

1. Independence of observations 

2. Normality of the populations being compared

3. Homogeneity of variance

comparison of the 

means

ZERO HYPOTHESIS: the 

difference is due to 

chance!

accept or refuse the 

zero hypothesis?
Student’s t-test



Comparing two means: the Student t test

difference between means

average standard deviation

dimensional factor

difference between

means

variability A

variability B
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